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STUDY OF SEMI-INVARIANT SUBMANIFOLDS OF A NEARLY
TRANS-SASAKIAN MANIFOLD ADMITTING A
SEMI-SYMMETRIC NON-METRIC CONNECTION

MOBIN AHMAD, JAE-BOK JUN AND MOHD DANISH SIDDIQI

ABSTRACT. In this paper a semi-symmetric non-metric connection in a nearly
trans-Sasakian manifold is defined and semi-invariant submanifolds of a nearly
trans-Sasakian manifold endowed with a semi-symmetric non-metric connection
is studied. Moreover, Nijenhuis tensor is calculated and integrability conditions
of the distributions on semi-invariant submanifolds are discussed.

1. Introduction

The study of differential geometry of semi-invariant or contact C' R-subma-
nifolds, as a generalization of invariant and anti-invariant submanifolds, of an al-
most contact metric manifold was initiated by Bejancu ([4],[5]) and was followed
by Kobayshi [11], Yano [17] and other Geometers (cf. [16], [14], [7] etc.). One has
also the notion of a-Sasakian and 3-Kenmotsu structures [10]. Oubina introduced
a new class of almost contact Riemannian manifolds known as trans-Sasakian man-
ifolds [15]. Both a-Sasakian and g-Kenmotsu structures belong to this new class.
C. Gherghe [9] introduced a nearly trans-Sasakian structure of type («,(3), which
generalizes tran-Sasakian structure in the same sense as nearly Sasakian generalizes
Sasakian one. A trans-Sasakian structure is always a nearly trans-Sasakian struc-
ture. Moreover, nearly trans-Sasakian structure of type (a, 8) is nearly-Sasakian
([2], [7]) or nearly Kenmotsu [1] or nearly cosymplectic [6] accordingly as 3 = 0 or
a = 0; or « = 3 =0. Matsumoto et al. in [14] studied semi-invariant submani-
fold of a trans-Sasakian manifolds and after that Jeong-Sik Kim and others studied
the semi-invariant submanifolds of nearly trans-Sasakian manifolds [12]. In this pa-
per, we study semi-invariant submanifolds of nearly trans-Sasakian manifolds with
semi-symmetric non-metric connection.

In 1924, A. Friedmann and J.A. Schouten [8] introduced the idea of a semi-
symmetric linear connection. A linear connection V is said to be a semi-symmetric
connection if its torsion tensor 7" is of the form

T(X,Y) =n{Y)X - n(X)Y,

where 7 is a 1-form.
The connection V is symmetric if the torsion tensor 7' vanishes, otherwise, it is
non-symmetric. The connection V is metric connection if there is a Riemannian
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metric g in M such that Vg = 0, otherwise it is non-metric. It is well known
that a linear connection is symmetric and metric if and only if it is the Levi-Civita
connection. Some properties of semi-invariant submanifolds, hypersurfaces and sub-
manifolds with semi-symmetric non-metric connection were studied in ( [1], [2], [3])
respectively.

In this paper, we study semi-invariant submanifolds of nearly trans-Sasakian man-
ifolds with a semi-symmetric non-metric connection. This paper is organized as fol-
lows. In section 2, we give a brief introduction of nearly trans-Sasakian manifold.
In section 3, we recall some necessary details about semi-invariant submanifolds.
In section 4, we derive Nijenhuis tensor for nearly trans-Sasakian manifold with
semi-symmetric non-metric connection. In section 5, some basic results on nearly
trans-Sasakian manifold with semi-symmetric non-metric connection are obtained.
In section 6, 7 and 8, integrability of some distributions on nearly trans-Sasakian
manifold are discussed.

2. Nearly trans-Sasakian manifold

Let M be an almost contact metric manifold [6] with an almost contact metric
structure (¢, &,n, g), where ¢ is a (1,1)-tensor field, £ is a vector field, n is a 1-form
and g is a compatible Riemannian metric such that

¢ =—T+n¢, ¢£=0, nop=0, n(¢) =1
(2.1) 9(0X,9Y) = g(X,Y) — n(X)n(Y),
g(Xv ¢Y) = _g(¢X7 Y)? Q(X,f) = T](X)

for all vector fields X, Y on T'M. There are two known classes of almost contact
metric manifold, namely Sasakian and Kenmotsu manifolds. Sasakian manifolds are
characterized by the tensorial relation

(Vx@)Y = g(X,Y)E —n(Y)X,
while Kenmotsu manifolds are given by the tensor equation

(Vxo)Y = g(¢X,Y)E — n(Y)pX.

An almost contact metric structure (¢, &,7, g) on M is called a trans-Sasakian struc-
ture [15] if (M x R, J,G) belongs to the class Wy of the Gray-Hervella classification
of almost Hermitian manifolds [9], where .J is the almost complex structure on M x R
defined by

J(X,ad/dt) = (6X — a€,n(X)d/dt)

for all vector fields X on M and smooth function @ on M x R and G is the product
metric on M x R. This may be expressed by the condition [13]

(2.2) (Vxo)Y = a(g(X,Y)E —n(Y)X) + B(g(6X.Y)E — n(Y)oX)

for some smooth functions o and 3 on M and we say that the trans-Sasakian struc-
ture is of type («, 3).

The class Cs @ Cj5 [15] coincides with the class of trans-Sasakian structures of type
(o, 3). We note that trans-Sasakian structures of type (0,0) are cosymplectic [3],
trans-Sasakian structures of tpye (a,0) are a-Sasakian [10]. Recently, C. Gherghe
[9] introduced a nearly trans-Sasakian structure of type («, 3). An almost contact
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metric structure (¢, &, 7, g) on M is called a nearly trans-Sasakian structure ([2], [7])
if
(23) (Vxo)Y + (Vyo)X

= a(29(X,Y)§ = n(YV)X = n(X)Y) = B(n(Y)oX +n(X)oY).

A trans-Sasakian structure is always a nearly trans-Sasakian structure. Moreover
a nearly trans-Sasakian structure of type (o, 3) is nearly-Sasakian [15] or nearly Ken-
motsu [1] or nearly cosymplectic [6] accordingly as 3 =0, a = 1; or a = 0,3 = 1;
or o =0, § = 0 respectively.

Owing to the existence of 1-form 7, we can define a semi-symmetric non-metric
connection in contact manifold by

(2.4) VxY = VxY + (V)X
for all X, Y € TM. From (2.3) and (2.4), we have

(2.5) (Vx)Y + (Vyd)X
=a(29(X,Y)E = n(Y)X = n(X)Y) = (8+1)(n(Y)oX + n(X)eY).

A trans-Sasakian structure is always a nearly trans-Sasakian structure. Moreover,
a nearly trans-Sasakian structure with semi-symmetric non-metric connection of
type (o, 3) is nearly Sasakian [15] or nearly Kenmotsu [1] or nearly cosympletic [3]
accordingly as 3 =0,a=1;or a = 0,0 = 1; or a = 0, 8 = 0 respectively.

A nearly trans-Sasakian structure of type (o, 3) will be called nearly a-Sasakian
(resp. nearly -Kenmotsu) if =0 (resp. a = 0).

Thus the structural equations for nearly a-Sasakian, nearly Sasakian, nearly (-

Kenmotsu, nearly Kenmotsu and nearly cosympletic manifolds are respectively given
by

(Vxo)Y + (Vyd) X =a(29(X,Y)¢ — n(Y)X — n(X)Y)
— ((Y)oX +n(X)eY),
(Vxo)Y + (Vy )X =(29(X,Y)¢ — n(X)Y —n(Y)X)
(2.6) = (n(Y)oX +n(X)8Y),
(Vxo)Y + (Vyo)X = — (B + 1)(n(Y)pX + n(X)eY),
(Vxo)Y + (Vyg)X = = 2(n(Y)pX +n(X)eY),
(Vxo)Y + (Vyd)X = — (n(Y)pX +n(X)eY).

3. Semi-invariant submanifolds

Let M be a submanifold of a Riemannian manifold M with Riemannian metric
g. Then Gauss and Weingarten formulae are given respectively by

VxY =VxY +h(X,Y), (X,Y € TM),
VxN = —-AxyX + V%N +(N)X, (N € T-M),

where V, V and V+ are the semi-symmetric non-metric connection, induced con-
nection and induced normal connection in M, M and the normal bundle T+M of
M respectively and h is the second fundamental form related to A by

g(h(Xv Y)vN) = g(ANX,Y)'
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Moreover, if ¢ is a (1, 1)-tensor field on M, we have for X € TM and N € T+M
(?ngS)Y =(VxP)Y — Apy X —th(X,Y)
+ (VxF)Y +h(X,PY) - fh(X,Y) +n(FY)X,

31) (Vx¢)N =(Vxt)N — AjnX — PANX — n(N)PX
+ (Vxf)N 4+ h(X,tN) — FANX —n(N)FX +n(fN)X,
where
¢X =PX +FX, (PXeTM,FX eT*M),
52) ¢N =tN + fN, (tNeTM,fN eT+M),

(VxP)Y =Vx(PY)— PVxY, (VxF)Y =V%(FY) - FVyY,
(Vxt)N = Vx(tN) — tVxN, (Vxf)N =Vx(fN)- fVxN.

The submanifold M is totally geodesic if h = 0, minimal if H = trace(h)/dim(M) =
0 and totally umbilical if A(X,Y) = g(X,Y)H in M respectively.

For a distribution D on M, M is said to be D-totally geodesic if for all X, Y € D,
we have h(X,Y) = 0. If for all X,Y € D, we have h(X,Y) = g(X,Y)K for some
normal vector K, then M is called D-totally umbilical. For two distributions D and
& defined on M, M is said to be (D, £)-mized totally geodesic if for all X € D and
Y € £ we have h(X,Y) =0.

Let D and £ be two distributions defined on a manifold M. We say that D is
E-parallel if for all X € £ and Y € D, we have VxY € D. If D is D-parallel, then it
is called autoparallel. D is called X-parallel for some X € TM if for all Y € D we
have VxY € D. D is said to be parallel if for all X € TM and Y € D, VxY € D.
If a distribution D on M is autoparallel, then it is clearly integrable and by Gauss
formula D is totally geodesic in M. If D is parallel, then orthogonal complementary
distribution D is also parallel, which implies that D is parallel if and only if D+ is
parallel. In this case M is locally the product of the leaves of D and D+.

Let M be a submanifold of an almost contact metric manifold. If £ € T'M, then
we write TM = {£} @ {€}+, where {¢} is the distribution spanned by ¢ and {£}* is
the complementary orthogonal distribution of {¢} in M. Then we get

P¢E=0=F¢( noP =0=noF,
(3.3) P’ 4tF=—1+4+n®¢ FP+ fF=0,
fP4+Ft=—1, tf+Pt=0.
A submanifold M of an almost contact metric manifold M with ¢ € TM is called

semi-invariant submanifold [2] of M if there exists two differentiable distributions
D' and D° on M such that

(i) TM = D'@D%{¢},
(ii) the distribution D! is invariant by ¢, that is ¢(D') = D! and
(#ii) the distribution DP is anti — invariant by ¢, that is ¢(D") C T+M.
For X € T M, we can write
X =U'X +U°X 4 n(X)¢,

where U' and U° are the projection operators of TM on D' and D° respectively.
A semi-invariant submanifold of an almost contact metric manifold becomes an
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invariant submanifold ([2], [3]) (resp. anti-invariant submanifold ([2], [3])) if D° =
{0} (resp. D' ={0}).

4. Nijenhuis tensor

An almost contact metric manifold is said to be normal [3] if the torsion tensor
N vanishes, that is:

(4.1) N = [, 6] +2dn @ € =0,

where [¢, ¢] is the Nijenhuis tensor of ¢ and d denotes the exterior derivative oper-
ator.

In this section we obtain expression for Nijenhuis tensor [¢, @] of the structure ten-
sor field ¢ given by [¢, ¢](X,Y) = (Vex9)Y — (Vgy ) X) — o((Vx @)Y — (Vy9)X)
in a nearly trans-Sasakian manifold. In particular, we derive the expressions for the
Nijenhuis tensor [¢, @] in nearly Sasakian manifold and nearly Kenmotsu manifolds.

First, we need the following Lemma.

Lemma 4.1. In an almost contact metric manifold we have

(4.2) (Vyo)(6X) = —(6(Vyo)X + (Vyn)X)E+n(X)Vy€.

Proof. For X, Y € TM, we have

(Vye)(9X) = Vy(¢°X) — 6(VydX) + ¢(¢Vy X) — ¢*Vy X
= Vy (=X +n(X)¢§) — 6(VyoX)
+¢(¢Vy X) — (=Vy X +n(Vy X)E),
which gives the equation (4.2). O

Now, we prove the following theorem.
Theorem 4.2. In a nearly trans-Sasakian manifold with semi-symmetric non-
metric connection, the Nijenhuis tensor [¢, ¢| of ¢ is given by

[0, 01(X,Y) =46(Vy §) X + 2dn(X, V)€ — n(X)Vy € +n(Y)VxE
(4.3) +a@(Y)eX +3n(X)eY) + 49(0 X, Y)E
+4(B+ (X)) + (8 + D(=n(YV)X = 3n(X)Y).

Proof. Using Lemma 4.1 and 70¢ = 0 in (2.3) we get

(Vox @)Y =o(Vy o)X — (Vyn)X)E — n(X)Vyé
(4.4) +a(29(¢X,Y)§ — n(Y)pX)
= B+ D(=n(¥)X +n(Y)n(X)E).
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Thus we get

[0, 2)(X,Y) =((Vex )Y + ¢(Vyd) X)) = (Vy )X + 6(Vxd)Y)

=2¢(Vy¢)X — (Vyn)X)¢ — n(X)Vy¢
+ (Vxm)Y)E+n(Y)VxE — a(2g(oY, X)E —n(Y)pX)

— (B+D(=n(Y)X +n(Y)n(X)€) — 26(Vx )Y
= B+ (=n(X)Y +n(X)n(Y)E)

+a(29(6X,Y)E = n(Y)oX)

=20((Vy9)X — (Vx@)Y) + 2dn(X, Y)E — n(X)Vy€ +n(Y)VxE
= B+ D(=n(X)Y —n(Y)X) +2(8 + n(X)n(Y)E
+ a(4g(6X,Y)E — n(Y)oX +n(X)eY)

=26((Vy¢)X + (Vy9)X) — 206(29(X, Y)E — (V)X — n(X)Y)¢
+ a(49(0X,Y)§ +n(Y)oX +n(X)
—n(X)Vy€+n(Y)VxE— (B+1)(—
+2(8 + Dn(X)n(Y)E + 2dn(X,Y)

=4¢(Vy )X — n(X)Vy € +n(Y)Vx¢
+a(n(Y)oX + 3n(X)oY + 49(¢ X, Y)E)
+2dn(X,Y)E — (B4 1D)(n(Y)$*X + 3n(X)e*Y),

which implies the equation(4.3). O
From equation (4.3), we get

(4.5) N(NYX,Y)) = 4dn(X,Y) — dag(X, ¢Y).

n(X)Y —n(Y)X)

Corollary 4.3. In a nearly Sasakian manifold with semi-symmetric non-metric
connnection, the Nijenhuis tensor [¢, @] of ¢ is given by

[¢,0)(X,Y) =4p(Vy $) X + 2dn(X,Y)E — n(X)Vy € +n(Y)Vxé
= n(X)Y =3n(Y)X +n(Y)oX + 3n(X)oY
—4g(X, 8Y)E — An(X)n(Y)E.
Consequently,
n(NY(X,Y)) = 4dn(X,Y) — 49(X, ¢Y) — 4n(X)n(Y).
In particular, if X and Y are perpendicular to £, then
(6, )(X,Y) =46(Vy 9) X — 2n([X, Y])E — 4g(X, ¢Y)E
—4n(X)n(Y)E.

Corollary 4.4. In a nearly Kenmotsu manifold with semi-symmetric non-metric
connection, the Nijenhuis tensor (¢, @] of ¢ is given by

[0, ¢/(X,Y) =4p(Vy )X + 2dn(X,Y)E — n(X)VyE +n(Y)VxE
+8n(X)n(Y)§ —2(n(Y)pX + 3n(X)pY).

Consequently,
n(N'(X,Y)) = ddn(X,Y).

oY) = (B4 D(=n(Y)pX —n(X)¢Y)
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In particular, if X and Y are perpendicular to £, then
[6,](X,Y) = 46(Vy¢) X — 29([X, Y])¢.
5. Some basic results

Let M be a submanifold of a nearly trans-Sasakian manifold. Using (3.1), (3.2)
in (2.6) for X, Y € TM, we get

a(29(X,Y)E—n(X)Y —n(Y)X) — (8 +1)(n(Y)PX
+n(Y)FX +n(X)PY +n(X)FY) + 2n(X)n(Y)§
=(VxP)Y + (VyP)X — Apy X — ApxY — 2th(X,Y) — 2fh(X,Y)
+ (VxF)Y + (VyF)X + h(X, PY) + h(PX,Y)
+n(FY)X +n(FX)Y.

Thus, we have the following.

Proposition 5.1. Let M be a submanifold of a nearly trans-Sasakian manifold
with semi-symmetric non-metric connection. Then for all X, Y € T M, we have
(5.1) (VxP)Y +(VyP)X — Apy X — ApxY — 2th(X,Y)

= a(29(X,Y)E = n(X)Y = n(Y)X) = (B+ 1)(n(Y)PX ++n(X)PY)
and
(5.2) (VxB)Y +(VyF)X +h(X,PY)+ h(PX,Y) - 2fRh(X,Y)
==+ 1)Y)FX +n(X)FY) - n(FX)Y —n(FY)X.

Now, we state the following proposition.

Proposition 5.2. Let M be a submanifold of a nearly trans-Sasakian manifold
with semi-symmetric non-metric connection. Then

VxoY — VyodX — ¢[X,Y] =2((VxP)Y — Apy X — th(X,Y) + n(FY)X)
+2((VxF)Y + h(X,PY) — fR(X,Y) + n(FX)Y)
+a(n(Y)X +n(X)Y - 2¢(X,Y)¢)
+(B+1)(n(Y)PX +n(X)PY)
+(B+1)(n(Y)FX +n(X)FY).

Consequently,

PIX,)Y]=—-VxPY —VyPX + ApxY + Apy X + 2PV xY + 2th(X,Y)

+an(Y)X +n(X)Y - 29(X,Y)¢)
— (B+1)((Y)PX +n(X)PY),

and

(5.3) F[X,Y]=—-V%FY —Vy$FX — h(X,PY) — h(PX,Y) +2FVxY

+2fh(X,Y) = (B+ 1) (n(Y)FX +n(X)FY) — n(FY)X +n(FX)Y
for all X, Y € T M. The proof is straightforward and hence omitted.
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Proposition 5.3. Let M be a semi-invariant submanifold of a nearly trans-
Sasakian manifold with semi-symmetric non-metric connection. Then (P,&,n,g) is
a nearly trans-Sasakian structure on the distribution D' & {&} if th(X,Y) = 0 for
all X,Y € D' @ {¢}.

Proof. From D' @ {¢} = Ker(F) and (3.3) we have P2 = —T+n®¢ on DY@ {¢}.
We also get P& = 0,7(¢) = 1,n0P = 0. Using D' {¢} = Ker(F) and th(X,Y) =0
in (5.1) we get

(VxP)Y + (VyP)X = — (8 +1)(n(Y)PX 4+ n(X)PY)

where X, Y € D'@{¢}. This completes the proof. O

Theorem 5.4. Let M be a semi-invariant submanifold of a nearly trans-
Sasakian manifold with semi-symmetric non-metric connection. Then we have

(4) if D°@{¢} is autoparallel, then
ApxY + Apy X +2th(X,Y) =0, X,Y € D'gp{¢},
(ii) if D'@{¢} is autoparallel, then
h(X,PY)+ h(PX,Y) - 2fh(X,Y) =0, X,Y € D'a{¢}.
Proof. In view of (5.1) and autoparallelness of D°@{¢} we get (i), while in view

of (5.2) and appropriateness of D'@®{¢}, we get (i1). O
In view of Proposition 5.3 and (i) (Theorem 5.4), we get

Theorem 5.5. Let M be a submanifold of nearly trans-Sasakian manifold with
semi-symmetric non-metric connection with & € TM. If M is invariant, then M 1is
nearly trans-Sasakian. Moreover,

hMX,PY)+h(PX,Y)—-2fh(X,Y)=0
forall X, Y € TM.

6. Integrability of the distribution D! @ {¢}
We begin with the following lemma.

Lemma 6.1. Let M be a semi-invariant submanifold of a nearly trans-Sasakian
manifold with semi-symmetric non-metric connection for X,Y € D'{¢}. Then we
get

(6.1) FIX,Y]=—-h(X,PY) - h(PX,Y)+2FVxY +2fh(X,)Y)
or equivalently
—h(X,PX)+ FVxX + fh(X,X)=0
and
n(FX)Y =n(FY)X
for all X,Y € D'a{¢}.
Proof. Equation (6.1) follows from D'®{¢} = Ker(F) and (5.3) equivalence of
(6.1) and D'@{¢} = Ker(F). O
Thus we can state the following theorem.
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Theorem 6.2. The distribution D'@&{€} on semi-invariant submanifold of a
nearly trans-Sasakian manifold with semi symmetric non-metric connection is inte-
grable if and only if

WX, PY)+ h(PX,Y) =2(FVxY + fh(X,Y)).

Now, we need the following.

Definition 6.3. Let M be a Riemannian manifold with the Riemannian con-
nection V. A distribution D on M is said to be nearly autoparallel if for all X, Y € D
we have (VxY 4+ Vy X) € D or equivalently VxX € D.

Thus we have the following flow chart:

Parallel = Autoparallel = Nearly autoparallel,
Parallel = Integrable,

Autoparallel = Integrable, and

Nearly autoparallel + Integrable = Autoparallel.

Theorem 6.4. Let M be a semi-invariant submanifold of a nearly trans-
Sasakian manifold with semi-symmetric non-metric connection. Then following four
statements

(a) the distribution D' @& {&} is autoparallel,
(b) h(X,PY)+h(PX,Y)=2fh(X,Y) for X,Y € D' & {¢},
(¢) h(X,PX) = fh(X,X) for X € D' & {¢},
(d) the distribution D' @ {&} is nearly autoparallel
are related by (a) = (b) & (c) = (d). In particular, if D* @& {€} is integrable, then
the above four statements are equivalent.
Let X,Y € D! < {¢}. Using (2.1) and (3.6) in (4.1) we get
(62) NYXY)=2dn(X,Y)é+[0X, 0Y] — [X, Y] +n([X,Y])¢
= P([X,0Y] + [¢X,Y]) — F([X, ¢Y] + [6 X, Y]).
On the other hand from equation (4.5), we have
(Vox9)Y =¢(Vyd)X — (Vyn)X)¢ — n(X)Vy€ +a(29(X, Y)E — n(Y)9X)
= B+ D(=n(Y)X +n(X)n(Y)E),
which implies that
(6.3)
(Vox@)Y — (Vayd) X =0(Vy0)X — (Vx9)Y + 2dn(X,Y)¢
—n(X)UVyE = n(X)UVy € +n(Y)U' Vg
+(V)UV x€ = n(X)h(Y,€) + 1(Y)A(X, )
+a(n(X)oX —n(Y)oX) — (6 + 1) (-n(X)Y —n(Y)X)
— (B+1D2n(X)n(Y)E.

Next, we can easily get

(6.4) ¢(Vyd)X = ¢Vy(6X) — ¢*Vy X
= ¢(Vy (6X) + WY, X)) + Vy X — n(Vy X)E,



564

M. Ahmad, J-B Jun and M. D. Siddiqi

so that
(6.5) ¢((Vyd)X — (Vx9)Y) = —[X, Y] +n([X,Y])é + P(Vy¢X — VxoY)

+ F(Vy¢X — VxoY) + (MY, ¢X) — h(X, ¢Y)).
In view of (6.3) and (6.5), we get

6.6

( N)l(X, Y) = - 2[X,Y] +2P(Vy¢X — Vx¢Y) + 2F(Vy ¢ X — Vx¢Y)
+20(h(Y, ¢X) — h(X, 6Y)) = n(X)U'Vy& = n(X)UVyé
+ (V)UY€ +n(Y)UVxE = n(X)h(Y,€) + n(Y)h(X,€)
+4dn(X,Y)¢ + a(-n(X)eY —n(Y)$X)
= B+ D(=n(X)Y = n(Y)X) +2n([X, Y])E = 2(8 + n(X)n(Y)E.

Theorem 6.5. The distribution D' @ {¢} is integrable on a semi-invariant
submanifold M of nearly trans-Sasakian manifold with semi symmetric non-metric
connection if and only if

(6.7) NYX,Y) e D' = {¢},

(6.8)
2(h(Y, ¢X) — h(X,Y)) = n(X) (U Vy & + aU’Y + (B + 1)oU°Y + fh(Y,€))
—n(Y)(oU'Vx€+alU’X + (B+ 1)¢UX + fh(X,€))

for all X,Y € D' @ {¢}.
Proof. Let X,Y € D' @ {¢}. If D! @ {¢} is integrable, then (6.9) is true and
from (6.8), we get

2F(Vy¢X—Vx¢Y) +2¢(h(Y, ¢X) — h(X, 8Y)
+n(Y)UVxE = n(X)UVy & +n(Y)h(X, &) = n(X)h(Y,€)
—a(-—n(X)FY +n(Y)FX) - (B4+1)(n(Y)X —n(X)Y) =0.
Applying ¢ to the above equation,
—2U0°(Vy¢pX=VxoY) + 2(h(Y,6X) - h(X, ¢Y)
+n(V)UVx& +n(Y)th(X, &) + n(Y) fh(X,€)
— n(X)th(Y,€) — n(X) fh(Y, &) + a(n(X)UY +n(Y)UX)
— (B+1)o(n(X)U°Y +n(Y)U°X) = n(X)pU Vy& = 0.

Hence taking the normal part, we get (6.8). Conversely, let (6.7) and (6.8) be true.
Using (6.8) in (6.6),we get

—2U°[X, Y] + 2F(Vy¢X — Vx oY) + 20h(Y, ¢ X)
— h(X,8Y) +n(Y)U'Vx& — n(X)UVy € +n(Y)h(X, &) — n(X)h(Y, )
+a(=n(X)FY —n(Y)FX) - (6+ D)X - n(X)Y) =0.

Applying ¢ to the above equation and using (6.8), we get ¢U°[X,Y] = 0, from which
we get UY[X,Y] = 0. Hence D'@{¢} is integrable. O
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If M is a trans-Sasakian manifold, then for all X € D' @ {¢} it is know that
h(X,€&) =0 and UV x¢ = 0. Hence in view of previous theorem, we have

Corollary 6.6. If M is a semi-invariant submanifold of a trans-Sasakian man-
ifold with semi-symmetric non-metric connection, then the distribution D'@&{¢} is
integrable if and only if for all X,Y € D'a&{¢}

WX, ¢Y) = h(Y, ¢X).

7. Integrability of the distribution D¢ {¢}

Lemma 7.1. Let M be a semi-invariant submanifold of a nearly trans-Sasakian
manifold with semi-symmetric non-metric connection. Then

(7.1) 3(ApxY — Apy X) = PIX, Y] = (8 + 1) (n(Y)PX +n(X)PY)

for all X, Y € D'@{¢}.
Proof. For X,Y € D°¢{¢} and Z € TM, we have

—AyxZ 4+ V56X =V 20X = (Vz6)X + 6(V2)X.
Using Equation (2.5) we get
—ApxZ + V30X = (Vx)Z + a(29(X, 2)6 = n(X)Z — n(2)X)
+ B+ 1) ((X)Z +n(Z)pX)
+ ¢V zX + oh(Z,X),
so that
(7, X) == Asx Z + V30X + (Vx8)Z — a(29(X, Z)§ — n(X)Z — 1(Z)X)
+ B+ D)(=n(X)pZ —n(2)pX) — $VzX
and hence we have
9(o6h(Z, X),Y) = —g(ApxY. Z) — g(Vx )Y, Z).
On the other hand
g(¢h(Za X)» Y) = _g(h(Z7 X)1 ¢Y) = _g(A¢YX7 Z)
Thus from above two relations, we get
(7.2) 9(Ap X, Z) = g(ApxY. Z) + g(Vx9)Y, Z).
For X,Y € D° @ {¢}, we calculate (Vx¢)Y as follows. In view of
VxoY — Vy¢X = AyxY — Agy X + Vi oY — VigX
and
VxoY — VyoX = (Vxo)Y — (Vy o)X + ¢[X, Y],
we have

(Vx@)Y = (Vyd)X = AgxY — Agy X + VoY — VyoX — ¢[X,Y],
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which in view of (2.5) gives

- 1
(Vx@)Y =5(AgxY — Agy X + VxoY — Vi:oX — ¢[X,Y])

(7.1) + 5 29(X.Y)E ~ n(X)Y —n(¥)X)
D x4 aryex).
Now using (7.3) in (7.2) we get (7.1). 0

In view of Ker(P) = D @ {¢}, this leads to the following.

Theorem 7.2. Let M be semi-invariant submanifold of a nearly trans-Sasakian
manifold with semi-symmetric non-metric connection. Then the distribution D° &
{&} is integrable if and only if

ApxY = Apy X
for X,Y € D’ & {¢}.
Using (2.2) in (7.2) for X, Y € D° o {¢}, we get ApxY = Apy X. Hence in view
of the above theorem, we get the following.

Corollary 7.3. Let M be a semi-invariant submanifold of a trans-Sasakian
manifold with semi-symmetric non-metric connection. Then the distribution D° &
{&} is integrable.

8. Integrability of the distribution D° and D?

Since we calculated the torsion tensor N1 (Y, X) for Y, X € DO, it can be verified
that

H((Vxd)Y — (Vyd)X) =p(ApxY — Agy X) + ¢(Vx oY — Vy6X)

&y X Y] - X, Ve,
and
(8.2) (Voy9)X — (Voxo)Y =[X, Y]+ ¢(AyxY — Agy X)

+o(VxoY — VyoX).

Using (8.1), (8.2) and (7.1), we get

83)  N(X)= 21X Y]+ 26(VEGY — VoX) + sdn(X, Ve
for Y, X € DO.

Theorem 8.1. The distribution D° is integrable on a semi-invariant subman-
ifold M of a nearly trans-Sasakian manifold with semi-symmetric non-metric con-
nection if and only if

(8.4) NY(Y,X)e D@ D',

(8.5) ApxY = Apy X,

where X,Y € DY.
Proof. If DU is integrable, then in view of (8.2) and (8.3), the relation (8.4)
and (8.5) follow easily. Conversely, Let X,Y € DY and let the relation (8.4) and
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(8.5) be true. Then in view of (8.2), we get P[X,Y] = 0. In view of (8.3) we get
g(&, NY(Y, X)) = g(&,2[Y, X]) = 0. Thus [X,Y] € D°. O

Theorem 8.2. Let M be a semi-invariant submanifold of a nearly trans-
Sasakian manifold with semi-symmetric non-metric connection with o # 0. Then
the non-zero invariant distribution D' is not integrable.

Proof. If D! is integrable, then for X,Y € D! it follows that dn(X,Y) = 0 and
[6,¢](X,Y) € D'. Therefore, for X € D' in view of (4.5) we get

n([¢, o](X, PX) + 2dn(X, PX)§) =0,
n(NY(X,PX)) = 4ag(¢X, PX) = 4ag(PX, PX),

which is a contradiction. O
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